ON COUNTEREXAMPLES IN QUESTIONS OF UNIQUE 
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Abstract. We discuss a construction that gives counterexamples to various ques- 
\ tions of unique determination of convex bodies. 
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This note is motivated by the following question from the book "Geometric tomog- 
raphy" by R. J. Gardner Prob. 7.6, p. 289]. 

Question 1.1. Let K and L be origin- symmetric convex bodies in R 3 such that the 
sections K D H and LdH have equal perimeters for every 2-dimensional subspace H 
ofR 3 . Is it true that K = L? 

The problem has attracted a lot of attention, but at the moment it is still open; 
sec [HNRZ], [Rj, [Y) for some partial results. The question can also be generalized 
to higher dimensions and all intermediate intrinsic volumes VI, as well as sections of 
other dimensions. 

In this note we show that the question has a negative answer in the class of general 
O | (not necessarily symmetric) convex bodies. 

One of the natural steps in generalizing questions involving sections is to replace 
sections by slabs (or "thick sections"). We discuss such problems at the end of the 
paper. 

Throughout the paper we use the following notation. We write S ,n ~ 1 and for 
the unit sphere and closed unit ball in Euclidean space W 1 , and G(n, k) for the 
Grassmanian of all fc-dimensional subspaces of lR n . The hyperplane through the 
origin with normal vector £ G S n ~ 1 is denoted by £ . A convex body in R n is a 
compact convex set with nonempty interior. In this paper we always assume that 
convex bodies contain the origin in their interiors. The orthogonal projection of a 
convex body K onto a subspace V is denoted by K\V . If Q is a convex body in an 
z-dimensional subspace V C W 1 , 1 < % < n, then we write vob(Q) for its volume. For 
a set C in M™, its reflection in the origin is denoted by — C. We say that a set C is 
origin symmetric if C = — C. Two sets C and D in IR n are said to be congruent if 
there is an isometry T of 1R™ such that T(C) = D. 

For a convex body K in W 1 its support function hjc is defined by 



hx{x) = max{(x,y) : y G K}, x G 



Key words and phrases. Convex bodies, sections, projections, slabs, intrinsic volumes. 
First author supported in part by U.S. National Science Foundation Grants DMS-0652684 and 
DMS-1101636. Second author supported in part by NSERC. 

1 



2 



DMITRY RYABOGIN AND VLAD YASKIN 



Clearly, is positively homogeneous of degree 1, and therefore is determined by its 
values on the unit sphere. It is also easy to see that for any subspace V of M. n the 
support function of K\V, as a convex body in V, is just the restriction of hx to V. 

If K is a compact set containing the origin in its interior and star-shaped with 
respect to the origin, then its radial function px is defined by 

Pk{%) = max{A > : Ax G K}, x G S n . 

We say that a convex body K is of class if its boundary is a C°° manifold in 
M n with positive Gaussian curvature at each point. 

Let K be a compact convex set in M n . Its intrinsic volumes V{(K), 1 < i < n, can 
be defined via Steiner's formula 

n 

vol n (K + eB%) = ^n-iV t (K)e n -\ 

i=0 

where the addition is the Minkowski addition, K n _i is the volume of the (n — %)- 
dimensional Euclidean ball, and e > 0. 

In particular, if K is a convex body in MJ 1 , then V n (K) is its volume, and V n -\(K) 
is half the surface area. For these and other facts about intrinsic volumes we refer 
the reader to the book [5]. 

2. Results 

The idea of the construction that we use in this note goes back to Gardner and 
Volcic [GV] and Goodey, Schneider and Weil [GSWj . 
First we prove an auxiliary lemma. 

Lemma 2.1. Let K and L be convex bodies in W 1 containing the origin in their 
interiors. The following properties are equivalent. 

i) K\L=-{L\K), 

ii) {MO, M-0> = {M£)> M-Oh for all £ G S n ~\ 

iii) W(£W(-£)} = K(£),Pl(-£)}> /or G 

Proof. The equivalence of (i) and (ii) is shown in |GSWj . 

Let us show that (iii) implies (i). Let x G K \ L. Since K and L star-shaped with 
respect to the origin, px(x/\x\) > pl(x/\x\). Now (iii) yields pjc(x/\x\) = pl(—x/\x\) 
and pk{—x/\x\) = pl(x/\x\). Therefore, pk{—x/\x\) < pl(—x/\x\), i.e. x G —(L\K). 
We have shown that K\L C —(L \ K). The other inclusion is obtained in a similar 
fashion. Thus, K\L — —(L\K). 

It remains to show that (i) implies (iii). Let £ G S 1 ™ -1 . Consider two cases: 

Pk(0 = Pl(0 an d Pk{Q 7^ Pl{£,)- m ^ ne fi rs t case we claim that Pk(— = Pl( — £)• 
Indeed, if the latter is not true, then there exists x on the boundary of K (say), 
such that x/\x\ = — £ and px{— £) > Pl( - £)■ -^ u ^ then — x G L\K, meaning that 
Pk(0 < Pl(0- We reach a contradiction. 

In the second case, let px(0 > Pl(Q, say. Consider the ray {x G M. n : x = ££, t > 
0}. It intersects the boundaries of L and ii' at some points, which we will denote by 
p and q correspondingly. Since K\L = —(L\K), the ray {x G 1R™ : x = —t£, t > 0} 
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intersects L \ K in the interval (— p, —q]. Hence, the points — p and — q are on the 
boundaries of L and K correspondingly. This implies that Pk(0 = Pl( — and 
Pk(-0=Pl(0- 

□ 

For the reader's convenience, we provide a short proof of the following proposition. 
Examples of this type appeared in [G] Thm 3.3.17, Thm 3.3.18] (see also |GVj ). 

Proposition 2.2. There exist noncongruent convex bodies K and L satisfying the 
properties of Lemma \2.1[ Moreover, the bodies can chosen to be bodies of revo- 
lution, or polytopes. 

Proof. 1) K and L are bodies of revolution. 

We start with two nonzero infinitely smooth functions and if), supported in the 
intervals (1/3 — 5,1/3 + 5) and (2/3 — 5,2/3 + 5) correspondingly, where < 5 < 1/6. 
Next, for t G [—1, 1] and e > 0, we define 

g(t) = Vl-t 2 + E<j){t) + e^(-t). 

Finally, we choose e sufficiently small to guarantee that / and g are concave on [—1, 1]. 
Now we consider two convex bodies in R n , 

K = {x G W n : x\+- ■ ■+x 2 n _ l < f{x n )} and L = {x G R n : x\+- ■ •+x^_ 1 < g 2 {x n )}. 

The boundaries of K and L are generated by rotating the graphs of the functions / 
and g defined above. Since these generating curves are not congruent, it follows that 
K and L are not congruent. 

By construction, K and L are of class C°°, and also K \ L = —(L\ K). Finally, 
choosing e > sufficiently small, \\pk — PB^\\c 2 (s n ~ 1 ) an d \\pl ~ PB^\\c 2 (s n ~ 1 ) can be 
made as small as we wish. By formula (0.41) from [G] this is enough to ensure that 
K and L have strictly positive curvature. 

2) K and L are polytopes. 

Let ai,...,a n be distinct positive numbers and consider the rectangular box R = 
[—ai, Oi] x • • • x [—a n , a n }. Take any two vertices u and v of R that are connected by 
an edge. The idea is that K will be constructed by cutting off vertices u and v from 
R, and L by cutting off vertices u and —v. 

More precisely, let F and H be supporting hyperplanes to R at the vertices u and 
v correspondingly, such that R PI F = {u} and R fl H = {v}. Suppose F is given 
by ( x ,0 — t for some £ G S*™ -1 and t > 0, and H is given by (x,rj) = s for some 
r] G S*™" 1 and s > 0. If A > is sufficiently small, then the sets i?fl{x : (x, £) > £ — A} 
and i? fl {x : (x,rj) > s — A} do not overlap and contain no vertices of R other than 
u and v correspondingly. Define 

K = R H {x : (x, f ) < t - A} n {x : (x, 77) < s - A}, 

L = R H {x : (x, f ) < t - A} n {x : (x, 77) > -s + A}. 

The bodies K and L are not congruent, since the vertices u and v that we cut off 
from R belong to the same edge, while this is not true for u and —v. 
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Finally, observe that K and L satisfy the property (i) of Lemma 12.11 

□ 

Lemma [2.11 and Proposition 12.21 lead to the following result; see Theorems 3.3.17, 
3.3.18, 6.2.18, 6.2.19 in [G]. 

Corollary 2.3. There are noncongruent convex bodies K and L in M. n such that 
V£ e S n -\ 

vol n _ 1 (K|e ± )=vol n _ 1 (L|e ± ) 

and 

V oi„_ 1 (Kne ± ) = voi„_ 1 (Lne ± ). 

This result remains true if the (n — l)-dimensional volume of the projections is 
replaced by their i-th intrinsic volumes. See Gardner [GJ Thm 3.3.17, Thm 3.3.18] 
for i = l,n — 1, and Goodey, Schneider and Weil |GSWj for all other cases. 

Now we return to Question II .11 stated in the introduction. The next theorem shows 
that without the assumption of origin-symmetry, this question would have a negative 
answer. 

Theorem 2.4. There are noncongruent convex bodies K and L in W 1 such that for 
all i and k with l<i<k<n — 1 we have 

Vi(KnH) = Vi(LnH) 

for all H G G(n, k). 

Moreover, K and L can be constructed in such a way that both of them are 
bodies of revolution, or both K and L are polytopes. 

Proof. Let K and L be noncongruent convex bodies in M. n such that {pk{€)i Pk(— 0} = 
{Al(0> Pl(— f° r an £ e Recall that and polytopal examples of such 

bodies were given in Proposition 12.21 

Then, for every H 6 G(n, k), the convex bodies K D H and L n H in the subspace 
H satisfy the relation 

{pKn H (0,PKn H (-0} = {p L n H (0,PLn H (-0}, ^ e fl H. 



By Lemma 12.11 f° r these fc-dimensional bodies we also have 

{h K nH(0, h K n H (-0} = {^(0, ^("0), G S^ 1 fl H, 

and, in particular, the last relation is true for the projections of A' fl if and L fl H 
onto i-dimensional subspaces of H, 1 < i < k. We apply Lemma [27T1 to get voli((K C\ 
H)\V) = volj((L PI H)\V) for every i-dimensional subspace V of H. 
By Kubota's integral recursion (see [Si p.295]), we have 

V i (KnH) = c i)k [ vok((KnH)\V)dV, 

JG(H,i) 

for some constant q^. Here, by G(H, i) we mean the Grassmanian of all i-dimensional 
subspaces of H. Thus, V { {K n H) = Vi(KC\H). □ 
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The following result is proved in [Y]. Let k be an integer with 2 < k < n — 1. 
If K and L are origin-symmetric convex polytopes in W 1 such that Vk-\{K n = 
Vfc_i(i^ n H) for all G G(n, fc), then K = L. Theorem 12.41 shows that this result is 
false without the symmetry assumption. 

It is interesting to note that the following result is true. 

Proposition 2.5. Let i ^ j be integers, 1 < i, j < n — 1, and let K and L be convex 
bodies ( containing the origin in their interiors ) such that 

(1) voli(KnV) =vol ?; (LrW), WeG(n,i), 
and 

(2) vol, (if nW)= voljiL HW), VW G G{n,]). 
Then for all k, 1 < k < n — 1, we have 

(3) vo\ k (K\H) = vol k (L\H), VH G G(n, k). 

Proof. Conditions © and ([2]) yield that {pk(0,Pk(-0} = {Pl(0> Pl(~0}> for a11 
^ G S 1 " -1 ; see [GJ Thm 7.2.3, Thm 6.2.16]. By Lemma [2.1[ this is equivalent to the 

condition {h K ((), M~0> = {^(0> M~0}) for a11 ^ e 5n_1 - As shown in [SMI, 
this implies flSD- 

□ 

Clearly, if K and L are two convex bodies such that all their corresponding %- 
dimensional projections have the same i-volume, and all corresponding j-dimensional 
projections have the same j-volume, then one can not expect that the sections of 
K and L will have equal volumes (simply because sections are not invariant under 
translations). Under the same conditions, is it possible to translate K and L so 
that all their sections would have the same volumes? The answer is again negative. 
Goodey, Schneider and Weil |GSWj p. 86] remark that there are convex polytopes 
K and L such that ([3]) holds for all k, but none of their translates satisfy K \ L — 
— {L\ K). Thus, as the proof of Proposition 12.51 shows, no translates of K and L can 
satisfy ([I]) and for some i ^ j. 

Our next question concerns slabs in convex bodies. For t > and £ G S" 1 ^ 1 consider 
the slab of width 2t perpendicular to £ defined by 

S t (0 = {xeR n :\(x,0\<t}- 

There are various problems related to volumes of slabs in convex bodies; see e.g. 
|BK] , [KK] . Here we suggest the following. 

Question 2.6. Let K and L be origin- symmetric convex bodies in M n that contain 
the Euclidean ball of radius t in their interiors. Suppose that for some i (1 < % < n) 

v t {K n s t (0) = v t (L n $(0), V£ g s n -\ 

Is it true that K = L? 

Our next result shows that the previous question has a negative answer if we drop 
the assumption of origin-symmetry. 
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Theorem 2.7. There are noncongruent convex bodies K and L in M. n that contain 
the Euclidean ball of radius t > in their interiors and such that 

v t {K n S t (0) = v i {Ln $(£)), V£ e S n ~\ 

for all 1 < % < n. 

Moreover, both K and L can be chosen to be CT bodies of revolution or polytopes, 



as in Theorem 2.4 



Proof. Consider the same pair of bodies K and L as used in Theorem 12.41 Without 
loss of generality, we may assume that t > is small enough so that tB% is contained 
in the interior of both K and L. Since = —St(£), it follows that 

{pKns(e),p KnS (-e)} = { PL ns(0),PLns(-0)}, V0 G S n ~\ 

where for brevity we write S = Now, as in Theorem 12. 4} we see that all i- 

dimensional projections of K D S and L n S have the same i-volumes, and Kubota's 
integral recursion finishes the proof. □ 

Since intrinsic volumes are continuous (in the Hausdorff metric) valuations on 
convex sets, it follows that Theorem 12.41 can be derived from Theorem 12.71 It is 
enough to notice that K n £t(£) approaches K PI in the Hausdorff metric. 
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